Structural anisotropy of two-phase materials can be evaluated through global measurements, as volume orientation or mean-intercept length methods do, or through statistics performed on a set of individual measurements. This last procedure is encouraged by recent improvements in the spatial resolution of conventional X-ray tomography. In this paper, the above-described approaches were compared in three case studies: a foam subjected to an in situ compression test, a second foam with a completely different cell morphology and a plastic material reinforced with short fibres. The approach based on the subdivision into distinguishable objects of the considered material phase has proved to be more sensitive in highlighting small deformations in the structure or small irregularities in an otherwise isotropic structure. On the other hand, the other approach is more general and is always usable. The two methods for calculating the fabric tensor tend to converge as the average anisotropy of individual objects in the statistical population increases. The use of Lambert's cylindrical equal-area projection of cell/fibre directions or local volume orientations is suggested, because the density of points is preserved from the sphere to the plane surface. Finally, a quick vector method to evaluate the anisotropy of the directions distribution has been presented, by defining a coherence index of the average direction.
Introduction
The study of geometric and spatial properties of an anisotropic material is essential to understand its physical properties. A number of methods for measuring anisotropy in spongy or porous structures such as trabecular bones already exist. On the other hand, there is no single definition of architectural anisotropy and the specific geometrical properties of interest should be explicitly stated (Odgaard, 2001) . Due to the variety of methods used to measure anisotropy, a rough classification is therefore required. Structural anisotropy of a two-phase material can be evaluated through global measurements in which the contribution of each object is not individually known or recorded or through statistics performed on a set of objectby-object measurements. The earliest and still most widely employed mean-intercept length (MIL) method belongs to the first category (Whitehouse, 1974; Harrigan & Mann, 1984; Cowin, 1986) . This method uses the mean distance between material intersections (e.g. pore-solid or bone marrow interfaces) along a grid of parallel lines, over a range of orientations. A 3D polar plot of MIL would result in an ellipsoid that Harrigan and Mann noted could be expressed as the quadric form of a second-rank tensor, that is, a fabric tensor (Harrigan & Mann, 1984) . Because MIL uses the interface between both the phases, the result is a combined measure that incorporates features of each. For this reason, subsequent methods were developed that concentrate on a single material at a time. The first of these measures was the volume orientation (VO) method (Odgaard et al., 1990) . In this case, a point grid is laid on the structure and then, for each point within the selected material, the local volume orientation is determined as the orientation of the longest intercept. This yields a sample of oriented directions that can be collected to build up an orientation matrix. Let the n orientations be given by directional cosines (x i ,y i ,z i ); then the orientation matrix V is defined as in (1) 
The VO method has undergone various developments over time giving rise to the so-called 'star-based analyses'; a brief review of this evolution is provided elsewhere (Cruz-Orive et al., 1992; Odgaard et al., 1997; Smit et al., 1998; Odgaard, 2001) and Ketcham & Ryan (2004) compares these methods with the MIL method. In the meantime, the resolution achievable with X-ray computed tomography (CT) has stimulated the development of methods based on the statistics of individual measurements of distinguishable objects in the inspected volume (Burteau et al., 2012) . Indeed, a three dimensional quantitative analysis of the structure of a low absorbing material such as a polymeric foam can be successfully performed with current conventional X-ray sources, without resorting to X-ray synchrotron tomographic facilities (De Pascalis et al., 2016) . Structural anisotropy can then be evaluated through statistics on the individual foam cells. A method based on this approach is the XFIBER one, implemented in the image processing software Avizo and used to perform fibre orientation analysis in a composite material. This method consists of segmenting each individual fibre and extracting their centrelines, which gives immediate access to all statistics regarding orientation of the fibres (Blanc & Westenberger, 2017) . In the case of a porous structure, instead of the fibres there will be spheroidal pores, thought of as a piece of solid material and not as 'empty' space. Moreover, instead of considering the longitudinal median line of the fibre the major axis of the pore momental ellipsoid at its mass centre will be taken into account. Again, let (x i ,y i ,z i ) be the directional cosines representing the orientation of fibre segments or pores, weighted by the corresponding segment length L i , then Eq. (1) becomes the following, except for a normalisation factor:
Finally, from the tensor eigen analysis a convenient degree of anisotropy is calculated as
Here DA is 0 for total isotropy and 1 for total anisotropy. The successes of the methods based on the statistics of individual measurements don't depend only on an adequate spatial resolution in the reconstructed volume and on a powerful segmentation algorithm. Bernard et al. (2011) , in their work concerning the evolution of the microstructure in the sintering processes of glass films, have clearly shown that the highly connected pores with complex shape risk making arbitrary any partition of the continuous 3D pore space. If the study is limited to foams where the cells are a haphazard collection of roughly spherical cavities packed together or to short fibre reinforced matrix, this difficulty doesn't arise: in this case, the measurement of the anisotropy of the system reduces to the description of collective anisotropy of the 'particles'. Eqs. (1) and (2) appear similar; this similarity is made even stronger by the following consideration: although in the V matrix the directional cosines of local volume are not explicitly weighted, it is obvious that the thicker the regions where the phase under consideration are, the more they will contribute to the calculation of the matrix element. An extensive and updated overview of the different methods for calculating the fabric tensor is beyond the scope of this work; in this regard, see for example the review article by Moreno and others (Moreno et al., 2014) , who in their excursus also examine less common methods developed in the last decade as the concept of Minkowski tensors. The aim of this work is to find and to validate the relationship between the approach based on global measurements and the one based on individual measurements, in the calculation of the anisotropy tensor. To the best of authors' knowledge, a similar comparative study until now has not been performed. This will be done both through the principal component analysis and by directly studying the distribution of orientations. For this last comparison, it has been found useful to associate a conical bundle to the preferential direction that contains half of the constituent elements and to define a coherence index to measure the significance level of the average direction. Such a definition together with the verifications of its consistency is given in the Theory section. Simple map making procedures are also proposed for a comprehensive 2D visualisation of the direction distribution. Three case studies are then provided in the Results and Discussion section. The first two are an in-situ compression test of a semirigid polymer foam and a nanocomposite polyurethane (PU) foam. The third one is a composite material consisting of a thermoplastic polymer matrix and short basalt fibres as reinforcement. In the case of almost one-dimensional objects such as fibres, the comparison between matrices V and A becomes trivial (but this is not the case for comparison with the MIL matrix). However, the case of the composite material makes it possible to clarify similarities and differences between the simple vector description, initially introduced for the comparison between the distributions of the first two examples, and the tensor description. The discussion suggests that the vectorial description, though simple, can be useful in many cases.
Materials and methods
All the tomographic acquisitions were performed by a GE Phoenix Nanotom CT system equipped with a 180 kV/15 W nanofocus X-ray tube and a 2300 × 2300 pixel on 12 bit Hamamatsu flat panel detector. A molybdenum target, suitable for weak absorbing specimens, was used for both the analysed foams. The accelerating voltage and the beam current of the X-ray tube were 40 kV and 220 μA, respectively. The detector integration time was 0.750 s. The number of projections was 2400. Only the voxel size was different for the two types of foams: 5.00 × 5.00 × 5.00 μm 3 for the sample subjected to mechanical testing; 2.75 × 2.75 × 2.75 μm 3 for nanocomposite polyurethane foam. The samples were cubic in shape, with an edge about 10 mm long. A Deben compression stage equipped with a 500 N load cell was used for the in situ mechanical test. A first scan was performed on the semirigid foam as it is, having brought the compression jaws to contact with the top and bottom surfaces, by applying a contact load of 0.5 N. Then, the sample was compressed until its thickness was reduced by 7.5% compared to the original one, with a constant motor speed of 1 mm min -1 . The final force was 9.5 N. The direction of the applied force coincided with that orthogonal to the slab from which the sample was taken. The acquisition of X-ray images began after a relaxation time of 1 h. The sample of composite material was a roughly shaped parallelepiped with edges of 4 × 5 × 5 mm 3 . It was analysed by using a tungsten target at an accelerating voltage of 60 kV and a beam current of 240 μA, but limiting the target power to less than 1 W, in order to have a focal spot size of 2 μm. The voxel size was 2.25 × 2.25 × 2.25 μm 3 . The exposure time for each projection and the scan time were 0.750 s and 4 h respectively. The volume reconstruction was carried out with the proprietary application software Phoenix datos|x 2 reconstruction. The 3D visualisation and analysis software Avizo 8 Fire Edition of Visualization Sciences Group (a company belonging to the FEI group) was used for the image processing of the datasets. In order to analyse the foam's structure, the image analysis workflow described in the paper of De Pascalis et al. (2016) was adopted. The segmentation of the fibres in the images of the third sample was instead inspired by the work of Teßmann et al. (2010) . Some computational parts relating to orientation of cells and fibres were accomplished by a custom-made 'C++' application based on VTK library (Schroeder et al., 2006) . As the Avizo release currently installed in the nano-CT system doesn't include XFIBER module, Eq. (2) was implemented in an custom-made C++ script. For the VO analysis, an isotropic random sampling was done on a unit hemisphere; this was achieved by evenly sampling the azimuth over the [0, 2π] range and the cosine of inclination angle over [0, 1] . The number of generated orientations was 4096; this number is sufficiently high to be equivalent to a uniform angular sampling (Ketcham & Ryan, 2004) . Also the point sampling was random: instead of a grid of uniformly arranged positions, once the phase has been chosen, the points were randomly placed in the selected phase, in order to improve the sampling efficiency (Ketcham & Ryan, 2004) . The number of randomly selected points was equal to 4096 and the same angular sampling was applied for each of them. Furthermore, in order to minimise any bias in the comparison between the various methods, the MIL tensor was not determined with the ellipsoid method, mentioned in the introduction, but with the computation of the covariance matrix, as for the VO and XFIBER tensors (Ketcham & Ryan, 2004) .
Theory
Let ORθφ be a system of spherical polar coordinates in the region containing the particles constituting the analysed sample (pores, fibres, particles of a single phase). The polar axis Oz is the rotation axis determined by the acquisition geometry. Because we are interested in studying only the orientation of the particles, we will put R = 1. Each particle is assimilated to its ellipsoid of inertia at its mass centre. The length of each line through this point is the reciprocal of the radius of gyration along the line in question (Synge & Griffith, 1949) ; so, the shape of the ellipsoid reflects the presence of 'mass' along the directions passing through the mass centre of the particle. The axes of the ellipsoid coincide with the principal axes of inertia of the particle. They are identified by unit vectors. Studying the orientation of the particles means determining the angular distribution of the major axis of their momental ellipsoids, after first moving the centre of each ellipsoid into the origin of the coordinate system. If the unit vector has components (θ , φ), it is equivalent to that of components (π -θ , π + φ), obtained by considering the symmetric with respect to the origin: both vectors are then counted as if they had (θ , φ) coordinates. This allows to narrow the range of the angle of inclination values to: 0 ࣘ θ ࣘ π/2. In the case of a global measurement, which does not allow to divide the considered phase into distinct particles, the orientation of a point of the selected phase would be the local volume orientation. In the following text, the term particle will be used to indicate an element of the distribution of orientations, regardless of whether it is determined through individual or global measurements. Let n(θ , φ)dθ dφ be the number of particles whose axis is oriented along a direction between θ , θ + dθ and φ, φ + dφ. For simplicity, we consider n(θ , φ) as if it were a continuous function. The number of points per unit of solid angle on the hemisphere will then be written:
where P (θ, φ) denotes the not normalised density of points.
If N is the total number of analysed particles, the normalised density will be equal to
The average direction (θ m , φ m ) is defined in a natural way as
To measure how far the directions of the vectors are dispersed around the mean direction, the range comprising half the particles is calculated as
where u 1 and u 2 are, respectively, the 'units of measure' for the inclination and the azimuth; in practice, they correspond to the size (or its submultiple) of the intervals of the histogram that represents the frequency with which the orientations of the particles fall in each interval. In this way, the rule is prescribed that the cone of directions around the average must be 'circular' in shape, not 'elliptical'. Because there is only one unknown factor, p, the range is determined by Eq. (6). Finally, as the area of a hemisphere of unit radius is equal to 2π srad, a coherence index is defined in the following way:
The second term to the numerator is the area of the hemisphere region containing half of the points. Calculating the integrals, the coherence index can also be written as
In order for the definition of the coherence index to be well established, it must be verified that in the case of a uniform distribution it is equal to 0.5, whereas in the case of a markedly pronounced distribution around a given direction it tends to unity.
Let's take the case of a uniform distribution, that is a distribution where all the directions are equally likely. Geometrically, this implies a constant density of points on the whole unit radius hemisphere. Therefore, P(θ ,φ) = c, where c is a constant determined by the normalisation condition:
as expected. The average angle of inclination will be:
Note that θ > π/4. This result at first sight may be surprising, but it is easily explained because the number of points that lie in the interval between θ and θ + dθ , regardless of the value of the azimuth, is proportional to the area of the spherical strip and this shifts the average to higher values of the inclination.
The average value of the azimuth is equal to the central point of the range of allowed values:
As for the range, we have, by definition:
from which is easy to verify that i = 1/2 by using Eq. (8). The half-aperture of the cone depends on the units of measure u 1 and u 2 . For example, for u 1 = 5°(π/36 rad) and u 2 = 20°( π/9 rad) we obtain θ = 28.25°and φ = 113.0°. In the opposite case of a very marked distribution around the mean value, from Eq. (7) it follows that the coherence index is slightly less than unity, because the range is very small. It is useful to explicitly write the expressions of the mean orientation and of the coherence index in this case. Let's consider a distribution defined as follows:
where c is a constant. From the normalisation condition, one gets:
A straightforward calculation gives for the average value of the inclination and the azimuth the following values:
The coherence index is derived from Eqs. (6)- (8):
For example, if θ 1 = π/6, θ 2 = π/3 and φ 1 = π/3, φ 2 = 2π/3, we obtain the values θ m = 0.808 rad (46.3°), φ m = π/2 and i = 0.969. Figure 1 illustrates a Monte Carlo simulation of this case. The number of generated points is 1000. The 'experimental' values obtained directly from Eqs. (5)- (7) Finally, it is trivial to extend the considerations made so far to the case in which the sizes of the particles are quite different from each other. It is sufficient to replace the function n(θ , φ) with a new function v(θ , φ) which indicates the volume of objects oriented along the direction (θ , φ). The normalisation condition will be based on the total volume of the particles, V, rather than on their total number, N. With this substitution, formulas (5) and (6) retain their validity.
Results and discussion

Case study 1: semirigid polymer foam
The first case study is the analysis of a semirigid polymer foam before and after an in situ compression test. The volume of interest (VOI) of the untested foam was a cube having an edge length of 1000 pixels in the core of the foam, corresponding to an absolute length of 5 mm. Figure 2 shows the results of the segmentation process with cell separation and labelling. Note that secant cells at the VOI boundary were removed. The number of analysed cells was 4076.
The histograms of the cell volumes and sphericities are reported in Figure 3 . Sphericity is defined as the ratio of the surface areas of an equal volume sphere and that of the selected particle:
where V is the particle volume and A is its surface area. Sphericity is commonly used to characterise the cell shape. The surface area of the object was computed by using the 'area3d' module of Avizo. As the surface of a voxelised volume is difficult to estimate without a bias, the risk of a possible underestimation of sphericity was assessed by calculating also the spherical index proposed by Bernard et al. and In Figures 4(A) , a 3D reconstruction of the pores is shown. Each pore is associated with an ellipsoid whose principal axes are determined. Then, in Figure 4 (B) a series of glyphs (arrows) placed in the barycentre of each pore and oriented along the direction of the major axis of the ellipsoid are represented. Figure 5 (A) shows the intersection of these axes with the unit radius hemisphere having its centre at O, after moving the mass centre of each cell into the origin of the coordinate system. The three eigenvectors of the covariance matrix given by Eq. (2), where the length L i is substituted by the volume V i , are also drawn with their length proportional to the corresponding eigenvalue. They represent the directions of the principal triad where the correlation coefficient between each pair of random coordinates vanishes. The resulting DA value is 0.630, which denotes a moderately anisotropic situation. The mean inclination and azimuth calculated using Eq. (5) were θ m = 64.24°and φ m = 195.20°; in Figure 5 (A) this direction is represented by the darker arrow. From Eq. (6) a half-aperture θ = 21.25°-φ = 85.00°was derived for the conical range around this average direction, the adopted units of measurement being u 1 = 0.25°and u 2 = 1.00°. Average and range were determined by weighting each cell by its volume. Finally, the obtained coherence index was equal to 0.692.
In Figure 5 (B) the volume orientation distribution together with the eigenvectors of the orientation matrix (1) are shown. It should be noted that the directions of the corresponding eigenvectors in Figures 5(A) and 5B) are almost identical; the small displacement of the second eigenvector is the most easily distinguishable. Nevertheless, the obtained DA value is 0.311, that is about one half of the one calculated from the eigenvalues of the covariance matrix (2). Similarly, the preferred direction of the volume orientation distribution, having inclination and azimuth equal to (59.76°, 188.20°), forms an angle of only 7.6°with that previously calculated but, nevertheless, the coherence index is much closer to that of an isotropic situation, being this time equal to 0.589.
This difference is not due to the presence of weighting factors in Eq. (2), because, by performing the calculation giving the cell directional cosines the same weight, the resulting degree of anisotropy would be equal to 0.605 which is still twice that obtained for the VO distribution. So this difference is due to the two different measurement methods used: individual measurements in Figure 5 (A) and global measurements in Figure 5(B) . On the other hand, the distribution of points on the hemisphere in Figure 5 (B) looks a little more isotropic. An orthographic projection like that of Figure 5 has the drawback that great distortion occurs near the edges or, in its equatorial aspect, only half of the distribution can be seen at one time. This suggest to represent the hemisphere on a plane surface through a map projection. The most important property that the projection on the plane must correctly transfer is the density of points laying on the hemisphere. An equal-area projection is therefore appropriate. The simplest equivalent projection of the sphere is Lambert's normal cylindrical equal-area (Snyder, 1993) : the equator is divided into many equal parts, and the meridians are straight lines cutting the equator and its parallels at right angles, and the parallels are inserted where their sines fall above and below the equator. Figure 6(A) shows the directions of the untested foam cells, using this projection. At a glance, an higher concentration of points around the mode of the distribution can be easily distinguished. Figure 7(A) shows the volume orientation distribution of the untested foam, using this same projection. It is evident that now the distribution appears clearly more isotropic.
The mechanical test was performed by applying a force along the vertical (Oz) direction, necessary to produce just a 7.5% compression of the foam specimen. The VOI included the inner portion of the sample having a size of 1000 × 1000 × 1000 voxels and 4092 cells. The compression was intentionally so small that it did not change appreciably either the appearance of the cells, nor the distributions of the volume and of the sphericity, which remained practically the same as the original ones. Nevertheless the directions of the cell axes have changed, as shown by comparing the polar plot of Figure 8 , obtained from the CT scan data before and after the compression test.
The hemisphere is subdivided into 144 portions and for each of them an arrow is drawn, whose length and colour change monotonically to the weighted number of vectors per unit of solid angle included in that portion. The same effect is visible by comparing the two map projections in Figure 6 ; in Figure 7 however, this shift towards the equator of the distribution elements is hardly distinguishable. After performing the compression test, the inclination of the average direction of both the distributions increased. More precisely, the polar coordinates have become (71. 42°, 196 .33°) in the case of the distribution determined by collecting the axes of the individual cells and (63.27°, 188.71°) in the case of the distribution obtained by assigning a local volume orientation to each sampled point of the pores phase. The DA value grew independently of the calculation method, as was the value of the coherence index. Table 1 summarises all the results related to this case study. The method based on individual measurements is referred to as XFIBER in the table, because it is mathematically identical to that used by the software Avizo for the analysis of fibres in composite materials. Because the degree of anisotropy, 1-λ min / λ max , and the coherence index are already relative differences by definition, the λ max / λ min ratios are also reported in the table in order to better appreciate the relative variations before and after the compression test. The relative uncertainties associated with the used sampling procedures can be assumed to be about 2% for the ratio between the eigenvalues and around 1-2% for the coherence index. The comparison of the results made on the pores phase shows that the sensibility of the XFIBER method is approximately twice that of the VO method in appreciating small deformations of the structure. Table 1 also shows the calculated MIL values both considering the cell phase and that of the solid material. As MIL uses the interface between phases to estimate the fabric tensor, it may surprise you that the two values do not coincide exactly. In fact, there is a relative difference in the ratio between the maximum and the minimum of eigenvalues equal to about 1%, both in the foam as it is, and in the compressed foam. This derives from the method used to calculate the MIL: once the sampling direction has been set, instead of considering a grid of equally spaced parallel lines, they are instead drawn from the randomly selected points of the considered phase. The change in the λ max / λ min ratio before and after the compression test is only 1-3%, depending of the considered phase, and it is questionable whether the MIL index is able to appreciate the small variation in the foam structure.
This depends on the fact that the MIL method is based on a global measurement of the whole structure and quantifies an 'interface anisotropy' contrary to the XFIBER method that originates from already distinct and oriented objects, collected to create an orientation matrix. However the XFIBER method cannot be applied to the solid phase of the foam which obviously cannot be divided into distinguishable particles. Finally, it can be seen that the VO method applied to the solid phase almost loses the ability to detect small variations in the structure that instead showed when it was applied to the cells phase. This is also confirmed by the value of the coherence index which remains practically the same, before and after the compression test.
Case study 2: nanocomposite PU foam
The second case study is the analysis of a nanocomposite PU foam with a 1% weight concentration of filler. The VOI was a cube having an edge length of 1300 pixels in the core of the foam, corresponding to an absolute length of about 3.6 mm. The analysed cells were 1030. Figures 9(A) and 9B) show a vertical cross section of the foam and a 3D reconstruction of the pores. The average volume of a single cell was 2.29 × 10 −2 mm 3 with a standard deviation of 3.00 × 10 −2 mm 3 . The reconstruction clearly shows the existence of an approximately vertical preferential direction (the expanding direction). This observation is confirmed by the polar plot and the Lambert's projection of the cell major axis distribution in Figures 10 and 11(A) . The average inclination and azimuth were θ m = 12.89°and φ m = 162.65°; the half-aperture of the conical range around this average direction was θ = 9.00°-φ = 36.00°, by assuming u 1 = 0.25°and u 2 = 1.00°. The coherence index was equal to 0.986, denoting a markedly pronounced distribution around the average direction. The corresponding local volume orientation distribution in the pores phase is shown in Figure 11 (B), where the same Lambert's projection is used. As already noted in the discussion of the first example, also in this case the VO distribution appears to be a little less anisotropic, although the presence of a preferential direction is evident. The average inclination and azimuth were θ m = 21.10°and φ m = 193.94°. The half-aperture of the conical range around this average direction was θ = 16.25°-φ = 65.00°, by assuming u 1 = 0.25°and u 2 = 1.00°, and the coherence index was 0.928. The angle between the two average directions was 12.1°. Table 2 summarises the results related to this second case study. The convention for the names is the same adopted in Table 1 ; the considerations about uncertainties due to statistical sampling also retain their validity. If Table 1 summarised the comparison between different ways to express the spatial anisotropy in a quasi-isotropic sample, Table 2 makes this comparison in the opposite case of a sample with a marked preferential direction. The method based on individual measurements (XFIBER) confirms its greater ability to highlight anisotropy. The VO method applied to the phase formed by the pores however results in a very high degree of anisotropy, that is higher than 0.9. In other words, the description of the anisotropy provided by the two methods VO and XFIBER in Figure 4 (A) with that of Figure 9 , it is clear how the cells of this sample have a more elongated shape than those of the sample of the previous example. In fact, the average value of the individual anisotropy of the pores is equal to 0.720 -with a relative standard deviation of 14% -whereas in the previous example it was equal to 0.358, with a relative standard deviation of 27%. This is the essential aspect to grasp the relationship between the two descriptions. This will be further clarified in the subsequent case study. As in the previous example, the VO method applied to the phase constituted by the solid material gives a clearly lower degree of anisotropy. The MIL method, although providing a value appreciably higher than zero, still gives a much lower degree of anisotropy than the other two methods. The MIL method with respect to the VO method has however the 'advantage' that the result does not depend on the phase taken into consideration. It is interesting to note that if the average inclination of cell axes had been calculated independently of the azimuth, that is by integrating φ on the complete rotation angle, the obtained value would not have changed. This suggests considering the distribution as having axial symmetry around the vertical direction. Under this hypothesis, the interval θ would become equal to 4.75°, a value smaller than the one previously found equal to 9.0°, because now the range on φ has expanded to 360°. In the case of axial symmetry, Eq. (7) is simplified into:
giving in the current case a value of the coherence index equal to 0.963. This decrease of i is explained by the fact that a structure with axial symmetry is more isotropic than another without such symmetry. The hypothesis of a distribution independent of the azimuth angle should obviously be validated by a statistical test.
Case study 3: basalt fibre reinforced polymer
The third example is the analysis of a polypropylene matrix composite material, reinforced by basalt fibres having an average length of 1.2 mm. The VOI was a cube having an edge length of 900 pixels corresponding to about 2.0 mm. In spite of this small size, the number of analysed fibres was 4579. Figure 12 (A) shows a vertical slice of the VOI. The diameter of the fibres varies from 14 to 17 μm. A 3D reconstruction of the fibres is shown in Figure 12 (B); different colours have been used depending on the length of the fibre segment included in the VOI. It has already been noted in the introduction that in the case of fibres with great aspect ratio (about 80 in this case) the XFIBER and VO methods in practice coincide, as confirmed by the results in Table 3 . Therefore, in what follows, only the distribution of the fibre axes is taken into account. The spatial distribution of the fibre orientations is conveniently represented by the polar diagram in Figure 13 (A) and by the Lambert's cylindrical equivalent projection in Figure 14 (A). The mean inclination and azimuth were θ m = 38.84°and φ m = 134.08°, with a half-aperture θ = 23.25°-φ = 93.00°. The values used for u 1 and u 2 were 0.25°and 1.00°, respectively. The obtained coherence index was 0.744. Because the fibres had the same nominal length, the weight factor was set equal to one in all the equations.
The polar axis has been chosen perpendicular to the smaller face of the sample and in this case lies in the laminate's plane. This is the reason for the θ dispersion that can be seen in Figure 14 (A) at a value of φ around 90°-100°. It is therefore interesting to observe the results of the analysis by rotating the polar axis by 90°, so that it becomes perpendicular to the plane of the laminate. The data processing software normally provide the user with a tool to transform the local axes system by turning it, thus without the need to repeat the acquisition by rotating the sample. And that's exactly what was done.
The new results are represented in the polar diagram in Figure 13 (B) and in the Lambert's projection in Figure 14(B) . Expressed in numbers they are: θ m = 82.06°; φ m = 173.42°; θ = 13. 50°, φ = 54.00°(u 1 = 0.25°and u 2 = 1.00°); i = 0.861. The value of DA, regardless of how it is calculated, remains unchanged during the rotation of the axis system as shown in Table 3 . Current example highlights the asymmetry between inclination and azimuth inherent in the proposed simple vector method: the coherence index depends on the choice of the polar axis. For one thing, this is the price to pay for using a vector (the average direction) instead of a second-rank tensor. Also, it highlights the different physical meaning of the index of coherence here defined and degree of anisotropy. The latter is a global property of the system; the first is instead a characteristic of a particular system direction. And, in anisotropic systems, physical properties depend on the chosen direction.
In order to better clarify the similarities and differences between the degree of anisotropy and the coherence index, consider the following case, where a bipolar distribution of directions was artificially implemented. The particle orientations are concentrated around the same inclination, but at two different azimuth values. The inclination θ belongs to the interval [30°, 60°]. We will study how the quantities DA and i vary by changing the azimuth angle aperture. Two of the principal axes of the covariance matrix (2) lie in the vertical plane of symmetry which contains the bisector of the angle obtained by connecting each of the dispersion centres with the origin O. The third axis is perpendicular to this plane and passes through the origin. Figure 15 depicts the situation for an aperture of the φ angle between the two prevalent orientations equal to 60°. The average orientation (θ m , φ m ) does not coincide exactly with one of the principal axes belonging to the plane of symmetry, but is slightly shifted towards the equator, for the reason already explained in the theory section. Figure 16 represents in a graph the result of the Monte Carlo simulations for the following values of the azimuth angle aperture: 30°, 60°, 90°, 120°, 150°, 180°. The degree of anisotropy first decreases slightly, then begins growing up to reach a maximum when the poles are one behind the other, separated by 180°o f azimuth; the greatest eigenvalue is first associated with one of the eigenvectors laying in the plane of symmetry, then with the eigenvector orthogonal to this plane. In contrast, the coherence index continues to decrease as the angle of aperture increases, until it drops to the value 0.124, corresponding to the maximum aperture. Obviously, when i becomes less than 0.5, the average orientation loses its physical meaning. However, because two oriented directions are equivalent if they are opposite to the origin, a value of the coherence index well below 0.5 denotes the existence of a preferential direction which, to be revealed, requires a rotation of the polar axis.
This last example also makes it possible to better clarify the relationship between the average orientation and the directions of the principal axes of the anisotropy tensor (2). Let us first imagine that the two parts of the distribution in Figure 15 are superimposed, that is that there is only one polarised distribution and that the dispersion around the central value of the theta angle is small. Using Eq. (11) it is easy to show that the average inclination coincides with the central value of the theta angle, θ c = (θ 1 + θ 2 )/2, within an infinitesimal of an order greater than one. Two of the eigenvectors of the covariance matrix lie in the symmetry plane which contains the great circle passing through the point with coordinates equal to the arithmetic mean of the inclination and the azimuth. In particular, one of these two eigenvectors has an inclination equal to θ c (for the demonstration see the Appendix). Thus, for a polarised distribution, the average orientation coincides with one of the principal directions of the anisotropy tensor, as expected. Let us suppose now that the two parts of the first superimposed distribution begin to separate one from the other, increasing the separation along the azimuth. Then, the eigenvector that previously coincided with the average inclination begins to move towards the upper pole. In Figure 15 it has moved away slightly from the average inclination. However, as the separation along the azimuth increases, this eigenvector gets closer and closer to the pole. When the separation is 180°the direction of the eigenvector coincides with that of the polar axis. Meanwhile, the direction of average orientation has remained unchanged.
Conclusions
In this paper, two fundamentally different approaches to describing spatial anisotropy have been compared: the first based on individual measurements of distinguishable particles in which one sample can be subdivided and the second based on so-called global measurements, in which this subdivision is not requested. Given the variety of existing methods to define the anisotropy tensor, two of them were considered for this comparison, that were similar, from a mathematical point of view: the VO method and the one called XFIBER, already used by the commercial software Avizo for the study of distribution of the fibres in a composite material and whose application has been extended here to the cells of a foam. The comparison included also the MIL method, because it continues to be the most widely used, although it is a 'boundary-based' method, quite different from those based on measurements performed on a single phase. The analysis of three quite different case studies allowed to draw the following general conclusions: i. The methods VO and MIL are more general because they can also be applied in those cases where a partition of the considered phase, however chosen, is likely to appear arbitrary. ii. The XFIBER method has a much greater sensibility than the other two in detecting imperceptible deformations of the sample structure, as was shown in the first case study of an in-situ compression test of a semirigid polymer foam. iii. The sensibility of the VO method depends on the phase on which the measurements are performed: it is greater if it is applied to the phase that can be divided into distinct objects. iv. The ability of the MIL method to appreciate light anisotropy in the sample is doubtful. The MIL method provides qualitatively similar information to the other two methods only in samples where the anisotropy is rather clear; moreover, the result does not depend on the material phase taken into consideration. v. The values of the degree of anisotropy provided by the VO method are typically lower than those provided by the XFIBER method. However, in the case of onedimensional objects such as fibres, the two methods VO and XFIBER in practice coincide; more generally, as the average anisotropy of individual particles grows, the two methods tend to converge. If <An> indicates the mean value of the anisotropy of the particles, under the assumption that the relative standard deviation of An is much less than one, the following equation applies: li m An →1 V = A vi. Lambert's cylindrical equal-area projection is proposed to represent the cell/fibre directions or local volume orientations on a 2D map: at a glance it is easy to distinguish a possible higher concentration of points around a certain direction. This projection is not misleading because the density of points is preserved from the sphere to the plane surface. vii. Finally, a simple method to evaluate the anisotropy of the directions distribution has been presented: the coherence index defined by Eq. (7), or equivalently (8), allows to preserve a vector description of the problem. The three considered examples have shown the consistency of the assessments drawn from the degree of anisotropy and the coherence index defined here.
The three examples were carefully selected in order to span between the different possible cases. However, the comparison was made considering only a few methods of calculating anisotropy. On the other hand, this limitation facilitated the study and allowed conclusions to be drawn. They can be briefly summarised by saying that methods based on global measures are more general, but less sensitive than those based on individual measures. Strictly speaking, this conclusion is true only for the methods considered in this paper. For other methods it can only be used as a hypothesis that must be confirmed by experimental tests.
In the case of particularly complex systems such as nested structures, the suggested vectorial description could facilitate the understanding of the geometry of the structure. Figure 17 shows a virtual cross section of an expanded polypropylene foam used for protective equipment. The foam was obtained by a sintering-like technique to join preexpanding beads. In the central part of the figure a bead with its cells inside is clearly visible.
Several interesting questions arise. How is the bead orientation relative to the average orientation of the cells in its interior? What is the coherence index of the average direction of the cells that are inside the bead? How are the beads oriented between them? How does the coherence index of the average direction of the individual cells change, including all the beads in the average calculation? These considerations suggest that although the vector approach is simple, thanks to its easy interpretation it can guide the researcher in a more in-depth analysis of anisotropy, with the use of more sophisticated mathematical tools.
The comparison here made between the anisotropy tensors calculated with the two different approaches has deliberately avoided any consideration on the ability to make predictions on mechanical strength. The problem is complex and still open. A serious comparison among several different ways of describing spatial anisotropy in relation to mechanical (or transport) properties cannot be separated from a systematic comparison with the results obtained from micro-CT-based finite element models (Tagliabue et al., 2017) . This topic will be the subject of future work.
Let us consider a polarised distribution of directions around a central value, θ c , of the inclination angle. The dispersion of the theta angle around θ c is small, say 2δθ; the values of the azimuth angle are symmetrically distributed around the central value of the interval. The plane containing the meridian passing for the central point of the distribution is a plane of symmetry and then is a principal plane of the covariance matrix (2). One of the reference axes in this plane is the polar axis. If the aperture of the azimuth angle is such that the unit vectors representing the directions of the system particles can be approximated by their projections on the plane of symmetry, then in this plane the coordinates of a generic point i of the distribution are (cosθ i , sinθ i ). In the principal plane, if A and B denote the diagonal elements of the covariance matrix and D the off-diagonal element, the direction of the principal axes are obtained by solving the following equation, deduced by applying the well-known methods of analytical geometry:
The quantities in equation (A1) are equal to, within a multiplicative constant:
For the calculation of these expressions it is convenient to use the continuous approximation. Therefore, the formulas (A2) are transformed into 
where C is the arbitrary constant of integration. As a consequence,
2D
A − B = 2 sin 3 θ θc +δθ θc −δθ cos θ 2 + sin 2 θ − cos 2 θ θc +δθ θc −δθ .
